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Abstract. For m, n 13, the cycle Ramsey number c (m, n) is the least integer p such that for any 
graph G of order p, either G contains an m-cycle, or its cmmplement c contains an n-cycle. Lower 
bounds are established for c(m, n) and these bounds lead ehe authors to conjecture a formula for 
the precise values bt‘ all c (m, n). Aiso, for m odd and m s_ n, the lower bound for c(m, n) is coupl- 
ed with a result of Gondy to determine that c(rn, nz) = 2rr -1 for all odd 1112 5. 
Questions concerning the existence of specified cycles in complernent- 
ary graphs have arisen, quite independently and in different contexts, 
during the past year in the work of Bandy esee [3 ] ), Chvital and Harary 
[ 21, Erdiis [3] and the authors [ 1 ] of the present note. In considering 
problems of thz existence of such cycles, it was natural to define num- 
bers analogous to the Ramsey numbers (which concern the existence of 
complete subgraphs). This was done in [ 1 ] as follows: For 19, M 2 3, 
the number c(m, n) is the least positive integer p such that for qr~y graph 
G of order p, either G contains an m-cycle, or the complement G of G 
contains an n-cycle. We refer to the numbers c(nj, 12) as the cycle Ram- 
sey numbers. 
Formulas establishing c (3, n), c (4, II) and c (5, IZ) for all rl > 3 were 
presented in [ Y ] . Reporting on the problem of 2-coloring the edges of 
complete graphs, Erd6s [3] states that 
(i) Bondy has proved c (m, n) < 2m- 1 for 3 < m < n, 
(ii) Bondy conjectures: if 3 < m 5 n, theri c(m, n) I 2rt- I, and 
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(iii) he (Ed&) has verified Bondy’s conjec:ure for fixed IYK and suf- 
ficiently large ~2, t$lis weaker esu’nt having been c&j&Wed earher by 
Brown. 
In this note, we es9ablish lower bounds for the cycle Ramsey num- 
bers and, on the basis of these bc;:nds, offer a conjecture for all values 
of c(m, n). 
The lowler bouncls are established bl exhibiting specific graphs with 
desired properties. These will be compMe bipartite graphs and their 
complements.. The complete bipartite graph K(m, n), m, n 2 1, is that 
graph of order m + rz, whose vertex set vnay be partitioned as VI w I$, 
’ where IV11 =m, 11/2( =y1, ande = uv is Irn edge if and only if u E t;: 
and v E 5, i + j For connected (disjoi&) graphs C, and G, , we dc- 
fine G, u G, to be !he disconnected gCph having the two components 
Gr and G,. THUS, if G = K(m, gl), then i;! = K, u i&, where Kp is the 
complete graph of order p. 
Proof. Were we need only consider the gaph G = K(n-- 1, n-l). Since 
6~ has no odd cycles, G has no m-cycles. LMoreover, G = K, _ 1 U KpI__ 1 
has no n-cycles. The order of G is 2n-2; therefore, ~(122, n) 2 2n- I_ 
Combining Bondy’s result with Prop&;ition 1, we arrive at the f& 
lo wing. 
Corollary 2, If m (2 5) is odd, then c(m, m) = 2m- 1. , 
Proposition 3. rf 3 < m 5 n and m is even, then 
cCm,n)Z 
2m-1 if n 3 odd and n < $m, 
tPf$m+l otherwise. 
hoof. If m 5 $2 and m is even, then the graph G = K&m - 1, n-l f has 
no m-cycle; its complement Cs = Ka $?2-1”K,-1 has no n-cycle. S&e G 
has order n f $ mr2, it follows that 
la the event that n k: odd, we observe that the graph 11~ Kn?__, u Km_1 
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has no m-cycle and its complement @ = K@Iz-- 1, m- 1), being bipartite, 
has no odd cycle and.hence no n-cycle. ‘Thus, for yt odd and y2 :E $~t, 
we have a lower bound that is an improvement over (1); namely, 
(2) c(m,n)> 2m-1 . 
On the basis of the lower bounds established in Propositions 1 and 3, 
we offer a conjecture to the effect that these bounds are actually great- 
est lower bounds except for the two ehr1.y cases m = n = 3 and ITI = II = i. 
Conjecture 4. (a) If 3 5 m 5 n and r~z is odd, then 
c(m, n) = 2n- 1 , 
except for (m, n) = (3,3). 
(b) If 3 < riz <, n’and m is even, then 
c(m, n) = I 2?n--1 i’k is odd and n 5 +m, n -i- +m--1 otherwise, 
except for (m, n) = (4,4). 
Finally, it is of interest o note that, in addition to the aforemem ion- 
ed formulas for c(3,n), ~(4, n) and ~(5, n) for all n 2 3, tIfe conject;rre 
has been verified for c(6,6) in [ 1] and for ~(6, ‘Y), c(6,8) and c(6,9) in 
141 l 
Added in proof 
We have been informed that Conjecture 4 has been verified indepen- 
dentlly by R.J. Faudree and R.H. Sc?.elp and by V. Rosta. 
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